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Abstract 

We study the noncommutative version of the extended ADHM construction in the 
eight dimensional U(l) Yang-Mills theory. This construction gives rise to the solutions of 
the BPS equations in the Yang- Mills theory, and these solutions preserve at least 3/16 
of supersymmetries. In a wide subspace of the extended ADHM data, we show that 
the integer k which appears in the extended ADHM construction should be interpreted 
as the ZM-brane charge rather than the DO-brane charge by explicitly calculating the 
topological charges in the case that the noncommutativity parameter is anti-self-dual. 
We also find the relationship with the solution generating technique and show that the 
integer k can be interpreted as the charge of the DO-brane bound to the D8-brane with 
the 5-field in the case that the noncommutativity parameter is self-dual. 



1 Introduction 



Noncommutative geometry has played an important role in the study of string/M- 
theory pp. In particular, Z)-branes with a constant NS S-field are of interest in the 
context of understanding the non-perturbative aspects of string theory. The effective 
world- volume field theory on D-branes with a 5-field turns out to be the noncommuta- 
tive Yang-Mills theory |2j, which has an interesting feature that the singularity of the 
instanton moduli space is naturally resolved [3|. 

Four dimensional U(N), k instantons are realized as k .DO-branes within iV D4- 
branes in type IIA string theory. When we turn on a constant S-field which preserves 
1/4 of supersymmetries, the moduli space of the noncommutative instantons is resolved 
and the .DO-branes cannot escape from the ZM-branes. From the viewpoint of the D0- 
brane theory, the Higgs branch of the moduli space coincides with the moduli space 
of the noncommutative instantons and the S-field corresponds to the Fayet-Iliopoulos 
parameters. 

The instanton solutions of the Yang-Mills theory are constructed by the well-known 
ADHM method. There is the one-to-one correspondence between the moduli space of the 
instantons and that of the ADHM data in the commutative case [231121] ■ On the other 
hand, most of the noncommutative instantons in four dimensions have been obtained 
by modifying the ADHM construction. See e.g. [31111231231231231231311112111221133011123 
[33 133 133 133 113 Ell an d references therein. In particular, it has been proven that the 
instanton number is generally an integer in the noncommutative U(N) gauge theory by 
Sako j35j . 

It is also of interest to generalize the above system to higher dimensions in the 
context of both D-brane dynamics and the world-volume theories. The systems of 
the DO-DQ and the D0-D8 with the I?-field have been investigated by several authors 

brane and the D8-brane with the S-field. These studies reduce to finding the solutions 
of the higher dimensional analogue of the "self-duality" equations which are the first 
order linear relations amongst the components of the field strength [3I3I3IS]- It has 
been shown that there are many kinds of the BPS equations which preserve 1/16, 2/16, 
■ ■ •, 6/16 of supersymmetries and these equations are related to the subgroup 50(7), 
50(6), • - -, 50(2) of the eight dimensional rotation group 50(8). 

In this paper, we focus on the case that is related to the 50(5) = Sp(2) symmetry. 
In this case the configuration of the gauge field preserves at least 3/16 of supersymme- 
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tries. It is known that there is the extended ADHM construction which gives rise to 
the solutions of the 3/16 BPS equations in eight dimensions '7\. We consider the non- 
commutative U(l) gauge theory and study the noncommutative version of this extended 
ADHM construction [T^]. It is worth constructing the simple solutions explicitly and 
investigating their properties such as the topological charges since a little thing about 
the noncommutative version of the extended ADHM construction is known until now. 
This subject has been studied in some references (IHJEEIIIH] . 

This paper is organized as follows. In section 2, we review the BPS equations and 
the extended ADHM construction in eight dimensions. In section 3, we briefly review 
the Yang-Mills theory on the noncommutative space. As in the four dimensional case, 
it is an important difference whether the noncommutativity parameter is anti-self-dual 
or self-dual. In section 4 we consider the case that the noncommutativity parameter is 
ant i- self- dual. In a wide subspace of the extended ADHM data, we show that the integer 
k which appears in the extended ADHM construction should be interpreted as the D4- 
brane charge rather than the DO-brane charge by explicitly calculating the topological 
charges. In section 5, we consider the case that the noncommutativity parameter is 
self-dual. We find the relationship with the solution generating technique and show that 
the integer k can be interpreted as the charge of the DO-brane bound to the Z)8-brane 
with the S-field. The final section is devoted to the conclusion. 

2 Extended ADHM construction of eight dimensional 
instantons 

In this section, we review the BPS equations and the extended ADHM construction of 
the instantons in eight dimensions. The instantons in higher dimensions are defined as 
the solutions of the BPS equations. This definition is the natural generalization of the 
four dimensional U(N), k instantons which are constructed by the ADHM construction 
with the gauge group U(N) and the ADHM parameter k. These instantons have the 
D-brane interpretation as the bound states of k DO-branes and N ZM-branes. 

Therefore, in the following, we consider the extended ADHM construction with the 
gauge group U(N) and the extended ADHM parameter k since these situations are 
expected to correspond to the systems of k DO-branes and N D8-branes. 
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2.1 BPS equations in eight dimensions 

In this subsection, we briefly review the BPS equations in the eight dimensional Yang- 
Mills theory. These equations were studied in Ref. """"EHE], and systematically classified 
by the authors of [21] . The BPS equations are the higher dimensional analogue of the 
"self-duality" equations, which are the linear relations amongst the components of the 
field strength 



-T^vpaFpo = , (ji, u, p, a= 1, 8) , (2.1) 



1, 
2 

with the constant 4-form tensor Fp Vpa . These equations are the natural generalizations 
of the four dimensional self-duality equations: 

^abcdFd = F ab , (a, b, c, d = 1, • • • , 4) . (2.2) 

When the equations 1)2.1)) hold, the equations of motion, D^F^ U = 0, are automati- 
cally satisfied due to the Jacobi identity, and the lower bound of the action is reached. 
This bound is obtained as in the four dimensional case by the identity 



^FnuFfxu ^ yFfii/ ^FpvpaFpijj pv p<jF ii V F p a , (2-3) 

where the gauge field is taken to be anti-hermitian. This identity was shown by the 
authors of [2*T] . 

It was also shown in Ref. [21] that there are many kinds of the BPS equations which 
preserve 1/16,2/16, 6/16 of supersymmetries and these equations are related to 
the subgroup 50 (7), 5*0(6) • ■ -, 5*0(2) of the eight dimensional rotation group 50(8). 
Especially in this paper we concentrate on the case that is related to the 50(5) = Sp(2) 
symmetry. In this case the configuration of the gauge field preserves at least 3/16 of 
supersymmetries. 

2.2 Extended ADHM construction on R 8 

The ADHM construction is a powerful tool to construct the Yang-Mills instantons in 
four dimensions [2*3*112*1] . Especially, it is well-known that the instanton moduli space and 
the ADHM moduli space completely coincide in four dimensions. It is also known that 
there exists the extended ADHM construction which gives rise to solutions of the 3/16 
BPS equations in eight dimensions. This extended ADHM construction was investigated 
by several authors [Zl[Tg[T?3[IHl[Tni[2n] ■ 
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In this subsection, we review this extended ADHM construction of the eight di- 
mensional "self-dual" instantons associated with the Sp(2) group given in jUlE]. This 
construction of the instantons is the slight extension of the four dimensional ADHM 
construction. When we take B = , or B' = which are defined in the following, we 
reproduce the four dimensional ADHM construction. 

In order to treat the eight dimensional space, it is useful to regard eight coordinates 
of the R 8 as two quaternionic coordinates: 

x=t^=f* .). *' = X»"=( 24 - : 3 V (2-4) 

ii=i \~ Zl Z2 J a i=1 \~ z 3 z 4 J 

Here we defined the eight vector matrices using the Pauli matrices t, (i — 1, 2, 3) by 

d-(i = (in,0, ir 2 ,0, ir 3 , 0, 1 2 , ) , (2.5) 
^ = (°) ir u 0, ir 2 , 0, zr 3 , 0, 1 2 ) , 

and the four complex coordinates by 

Z\ = x 3 + ix 1 , z 2 = x 7 + ix 5 , z 3 = x 4 + ix 2 , z 4 = x 8 + ix 6 . (2.6) 

The four dimensional ADHM construction gives rise to the instantons through the 
zero mode of a zero dimensional massless Dirac-like operator. This construction can be 
easily extended to the eight dimensional case. At first we define the Dirac-like operator 

D z = A + ^-lt, (2.7) 

using the (N + 2k) x 2k matrices A , B and B'. Here we also define B = (B, B') and 
5t = (x, x') . Then we can construct the U(N) gauge field as 

= tfdrf , (2.8) 

where the (N + 2k) x N matrix ip is the solution of the following Dirac-like equation 

Dti> = 0, (2.9) 

and is normalized as if)ty = Inxn ■ 

We can see that the gauge field ()2.8|) gives the "self-dual" field strength as 



F,u = 2^ [d {ll D z ^-d v] D^ 

= 2^6^-1-^, (2 ' 10) 

D Z D Z 
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where we used the completeness relation 

l N+2k =W i + D g -}—Dl, (2.11) 
U Z U z 

and defined the "self-dual" tensor N ^ u . This tensor is explicitly written as 

iV^E^t-E^t), (2.12) 
by using the following quantity, 

E„ = d,t = ( ) , (2.13) 



and satisfies the "self-duality" equation, 

~T^ pa N pa = N IM ,, (2.14) 

where T^ p(T is the Sp(2) invariant tensor. 

The identity ()2.14|) is surely identical to the "self-duality" equation (j2.1j) . Therefore 
we can automatically construct the solutions of the 3/16 BPS equations through the 
extended ADHM construction given above. In our choice of the complex coordinates 
(12. 6|) . we can write down the general form of the field strength which satisfies the "self- 
duality" equation ()2.14|) as 

F = F Zx z x (dzi A dz\ + dz 2 A dz 2 ) + F Z3 g 3 (dz 3 A dz 3 + dz± A dz&) 

+F Zl z 3 [dz\ A dz 3 + dzi A dz^j + F ZlZ3 {dz\ A dz 3 + dz 2 A dz±) 
+F ZlZ4 {dz\ A dzi + dz 3 A dz 2 ) + F ZlZi {dz L A dz± + dz 3 A dz 2 ) 
+F ZlZ2 dz 1 A dz 2 + F 2l 2 2 dz~i A dz 2 

+F Z3Zi dz 3 A dzi + F Z3Zi dz 3 A dz± . (2.15) 
2.3 Extended ADHM equations 

It is crucial that the D\D Z is invertible and commutes with E M . This is a necessary 
condition to obtain the "self-dual" gauge field strength on the R 8 . This condition corre- 
sponds to the extended ADHM equations in eight dimensions both for the commutative 
and the noncommutative case. 

Before writing this condition, we notice that there are equivalence relations between 
different sets of A, B and B', 

A ~ UAM , B ~ UBM , B' ~ UB'M , (2.16) 
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where U G U(N + 2k) and M G GL(2k, C). The gauge field is invariant under this 
transformation. Using these relations, we can reduce A, B and B' in the form: 





( A 2 






(lk 






( B 2 


BA 


A = 


-A 


At 


, B = 





1* 


, B' = 




B\ 






J J 




\0 


o 1 




\ K 


L) 



(2.17) 



Here A^ and Bi (i = 1, 2) are k x k matrices, and /, J, K and L are N x k matrices. 
In this representation, we can write down the condition that the D\D Z commutes with 

In this way, the extended ADHM equations in the commutative case can be obtained 

as 

0, 



/4 



/4 = /4 



where several quantities are defined by 



(2.18) 



/4 = 


A\,A 2 _ 




A\, A x 


+ I ] I-J ] J , 


= 


A,Ai 






Mc = 


A,B 2 




Bl,Ai 


+ PK-tfj, 


2 / 
»C = 


A\,Bx_ 


+ 


'bIa 1 


+ I ] L + K ] J , 


/4 = 


b\,b 2 




bIb x 


+ K^K-L^L, 


Mc = 


bIb x 


+ K^L. 





(2.19) 



There are two real and four complex equations, which are related to the adjoint repre- 
sentation 10 of Sp(2). Therefore the moduli space of the eight dimensional instantons 
we consider here is expected to have the structure of the Sp(2) holonomy. Examples of 
the Sp(2) holonomy manifold are given in Ref. 



3 Yang-Mills Theory on noncommutative space 

In this section, we briefly review the Yang-Mills theory on the noncommutative space. A 
field theory on the noncommutative space is defined by deforming the ring of functions 
on it. More concretely, the product of functions / and g is replaced with the Moyal star 
product that is defined by 

(f*g)(x)=e^ ua ^f(x)g(x% =x ,. (3.1) 
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This equation implies that 



[x»,x v ]=x»*x v -x v *x li = i6 l »' . (3.2) 

This commutation relation characterizes the noncommutative space we treat in this 
paper. The constant 6^ v is called the noncommutativity parameter. 

There is another equivalent description of the noncommutative space, which is called 
the operator formalism and is useful for explicit calculations. These two descriptions are 
related via the Moyal-Weyl correspondence. In the operator formalism, we regard the 
coordinates as operators. In this section, we denote the hat on the operators in order 
to emphasize that they are operators. The commutation relation between coordinates 
becomes as follows 

[x», x v ]=ie^ , (3.3) 

This relation is represented by using operators which act on the Hilbert space H. 
The derivative of an operator O is defined by 

d^O = [dp, O] where % ee -i {0~ 1 ) llv x v . (3.4) 

This derivative satisfies the Leibniz rule and the relations 

8^ = 5^ and [fy, d„] =i(9- 1 ) lu/ . (3.5) 

The integral of an operator O is defined by the trace over the Hilbert space 7i as follows 

f d D x 0(x) ee (2n) D Vdrt6Tr n O(x) . (3.6) 

We note that the strength of the gauge field can be written as 

Ffj, v = Xp, X v —i(0 , (3.7) 

where the anti-hermitian operator X^ is defined by 

X^ = d, + A^. (3.8) 

In this way the action of the noncommutative Yang-Mills theory is expressed by 

1 



S = --(27r) D v / det^Tr w tr c/(Ar) F^F^ . (3.9) 

Here tr^Tv) denotes the trace over the U(N) matrix. In the following sections, we omit 
the hat on operators for simplicity of the description. 
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4 U(l) instanton in the case of anti-self-dual non- 
commutativity 

In this section, we study the noncommutative U(l) instantons on R 8 in the case that the 
noncommutativity parameter is anti-self-dual. In a wide subclass of the extended ADHM 
data, we show that the integer k which appears in the extended ADHM construction 
should be interpreted as the ZM-brane charge rather than the DO-brane charge. 

As in the four dimensional case, it is easy to generalize the extended ADHM construc- 
tion in eight dimensions to the noncommutative space because of its algebraic nature. 
Since we define the instantons as "self-dual" configurations, the "anti-self-dual" noncom- 
mutativity parameter is expected to be of interest from the viewpoint of the resolution 
of the instanton moduli space. 

Concretely, we introduce the anti-self-dual noncommutativity parameter as follows 

g 13 = -e 57 = 9 24 = -9 68 = I (C > 0) . (4.1) 

This implies the commutation relations of the complex coordinates: 

[zi, zi] = - [z 2 , z 2 ] = [z 3 , z 3 ] = - [z 4 , z 4 } = --, others are zero . (4.2) 

These relations are the same as those of the harmonic oscillators up to the multiplication 
of constants. Therefore we define the creation and annihilation operators by 

a ln = ]h^m , a m = y^z m for m = 1, 3 , (4.3) 

as well as 

a ln = \j^z m , a m = ]J^z m for m = 2, 4 . (4.4) 
The number operators can also be defined as 

t J h m z m for m = 1, 3, 

n m = a} m a m = \ \ (4.5) 
[ ^z m z m tor m = 2, 4 . 

The Fock space 7i on which the creation and annihilation operators (|4.3J) and (|4.4|) act 
is spanned by the direct product of the Fock state: \n\ : n 2 : n 3 : n 4 ) = |ni) ® |n 2 ) <8> 
\n 3 ) (g) 1 714). The creation and annihilation operators act on each Fock state as follows 

a m \n m ) = \/n^\n m - 1) , a^rim) = y/n m + l\n m + 1) for m = 1, ■■•,4. (4.6) 
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The noncommutativity of the complex coordinates ()4.2j) deforms the extended ADHM 
equations (j2.18j) as follows 

/4 = C(Uxfc + H), n l c = // c = ix 2 c ' = /4 = = °> ( 4 - 7 ) 

where H is defined by 

S = i 5 2 } + {Sj, B x } + Jfttf + LtL) . (4.8) 

These equations were originally obtained in Ref. [To] . 

4.1 17(1), = 1 solution 

In this subsection, we start by constructing the £7(1), k = 1 solution explicitly and 
discuss its D-brane interpretation by calculating the topological charges and the value 
of the action. It becomes clear that the £7(1), k = 1 solution should be interpreted as 
the bound state of the ZM-brane and the D8-brane with the 5-field rather than that of 
the Z)0-brane and the D8-brane with the 5-field. 

An important fact for the £7(1) case is that we are allowed to take J = K = L = [23] 
. Then we can obtain the non-trivial solution of the noncommutative version of the 
extended ADHM equations (|4.7|) by 



A 1 = A 2 = B 1 = Q, B 2 = a, J=^/C(l + « 2 ), (4.9) 

where the parameter a is an arbitrary real number. The Dirac-like operator becomes as 
follows 



Dt = / z 2 + az 4 -z x -az z ^C(l + o 2 )j ^ ^ 

y zi + az 3 z 2 + az 4 J 

The zero mode tp of D\ is a 3 x 1 matrix which is written as ip = ( ipi ip 2 £ ) • Each 
component of ip is explicitly calculated as 

1 1 
5 + a V + P/2 M + p(s + clt] + P /2)- 1 



* = * + a/ + /72Vl + /^ + /V2)-' (a + t " 3) ' (4 ' U> 
5 = 



l + P(S + ari)- 1 
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where we defined the quantities 5 and r\ by 

5 = Z X Zi + Z 2 Z 2 + CL 2 {z 3 Z 3 + Z4Z4) , 
77 = Z 4 Z 2 + Z 2 Z A + Z\Z 3 + Z 3 Z\ . 

The following formulae are useful for the calculations, 

{zt + az 3 ) f(S + arj) = f(S + a V + I 2 j2){z x + az 3 ) 
(z 2 + az A ) f(5 + arj) = f(S + at] - I 2 /2)(z 2 + az 4 ) 



(4.12) 
(4.13) 



(4.14) 



Substituting the zero mode if> into the equations ()2.10|) . the field strength form is explic- 
itly obtained as follows 

F = F ZlSl [dz\ A dz\ + dz 2 A dz 2 + a 2 (dz 3 A dz 3 + dz A A dz±) 
+a(dzi A dz 3 + dz 2 A dz 4 + dz 3 A dz\ + dz4 A dz 2 )} 



~\~F ZlZ2 
+F- Z 



dz\ A dz 2 + a[dz\ A dz± + dz 3 A dz 2 ) + a 2 dz 3 A dz^ 
dz\ A dz 2 + a[dz\ A dz± + A c/z 2 ) + o 2 dz 3 A dz 4 , (4.15) 



where the nontrivial components are explicitly given by 

I 4 



J, 



(5 + a7])(5 + ar] + I 2 /2)(5 + arj + P) 

V2P 

(5 + arj)(8 + arj + P/2)(5 + ar] + P) 
V2P 



(4.16) 



(5 + arf) (5 + ar] + P/2) (S + arj + P) 

Here as in the case of the four dimensional noncommutative instantons, we introduced 
the operators J + , J_ and J 3 by 



•A", = TT 



V2 _ _ 

-j 2 -{z 2 + az4)[zx + az 3 ) 



\[2 

— (2:1 + az 3 )(z 2 + az 4 ) 

' 'z 2 + az 4 )(z 2 + clza) - (z\ + az 3 )(z\ + az 3 ) 



(4.17) 



P 

These operators are found to satisfy the Lie algebra of SU{2): 

[J+, J_] = J 3 , [Js, J±] = ±J±. 



(4.18) 
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In the rest of this subsection, we discuss the properties of the above solution ()4.15|) . 
At first, we can explicitly calculate the eight form charge Q^: 

Q(8)E 4!(^// AfAfAf = ' (4 ' 19) 

Therefore the solution (j4.15J) does not have the Z)0-brane charge. 
We can also calculate the value of the action of the solution as 
2/ 4 r 

S — /°2~~ I d X (F ZlZ2 Fz 1 z2 "I" Fz\Z%Fz\zi 2i* zizi-f zizi) 



, . / V'-,- 1 



71 1 [ 2 J Tln (5 + ar)){5 + a V + P/2)\5 + r} + P)' ^' 20) 
Here we used the integral formula (|3.6|) and the identity: 

J+J_ + J-J+ + Jl = jg{S + arf){8 + ar] + I 2 ) . (4.21) 

To carry out the trace over the Hilbert space 7i, we have to make the quantity S + arj di- 
agonal. So we make the unitary transformation and define new creation and annihilation 
operators: 

a\ = —7=== (ai + aa 3 ) , a 2 = —p=={a 2 + aa 4 ) , 
Vl + a Vl + i 

a 3 = , = (ai — a _1 a 3 ) , a 4 = , = (a 2 — a _1 a 4 ) . (4.22) 
yfl + 1/a 2 V 7 ' y/l + 1/a 2 V 7 

These new operators also satisfy the commutation relations of the harmonic oscillators, 

5 m ^ n for m, n = 1, • ■ ■ , 4 , others are zero, (4.23) 



and the quantity 5 + ar] is made diagonal in the number basis of new harmonic oscillators 
fEZZ) as 

5 + ar/ = -^-(aiOi + a|a 2 ) = yt/H + ^2) • (4.24) 
Then we are able to carry out the calculation as follows 



2 / (n 1 ,n 3 ,fi3,£ko,0,0,0) (™1 + ™ 2 ) (™1 + ™2 + I) 2 (™1 + ™2 + 2) 
/ „^ A \ 2 00 00 1 

E E 



(( ,^)^i A '( Ar + 1 )( Ar + 2 ) 



' A \ 2 

7rC 



4tt 2 ( yJ E =4vrV 4 , (4.25) 

V / (n 3 ,ji4) 
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where we used the formula of the summation: 

oo oo 

£ (N\0(n 1 +n 2 )\N)= £ {N + 1){N\0{N)\N) , (4.26) 

(ni,n 2 )^(0,0) N=l 

and the formula of the four dimensional volume V4 in the operator formalism: 

v < s J**={t)'£- (4 - 27) 

\ / (n 3 ,n 4 ) 

The appearance of the four dimensional volume V4 suggests that the solution ()4.15|) has 
the four dimensional nature. Therefore it is natural to interpret the solution ()4.15j) as 
the noncommutative version of the four dimensional instantons. 

This four dimensional nature can be seen more explicitly by transforming the solu- 
tion. Now let's define new coordinates z m (m = 1, • • ■ , 4) by 

zi = - 7 =={z 1 + az 3 ), z 2 = J—^ (z 2 + az 4 ), (4.28) 

z 3 = ={zi — a 1 z 3 ) , Z4 = =(z 2 — a l z±) . 

'l + 1/a 2 J I + 1/a 2 



These new coordinates also satisfy the same commutation relations as (j4.2jl : 

[z t , Zx] = - [z 2 , z 2 \ = [z 3 , z 3 ] = - [z 4 , Z4] = ~ , others are zero . (4.29) 
Then the solution (j4.15j) can be rewritten in these new coordinates as 

c 2 

J 3 (dzi A dz\ + dz 2 A dz 2 ) — V2J + dz\ A dz 2 + v2 J_ dz\ A dz 2 



A(A + C/2)(A + C) 



(4.30) 

where we defined the quantity A = z\Z\ + z 2 z 2 and the following operators: 

J+ = 5 2 5i , J- = ziz 2 , ^3 = ^ (^ 2 5 2 - Z]2i) ■ (4.31) 

These operators satisfy the Lie algebra (|4.18|) of SU(2). The above expression ()4.3()j) is 
surely the U(l) one instanton solution on the four dimensional space R 4 spanned by the 
coordinates: Zi, Z\, z 2 and z 2 . So the solution (|4.30|) has the four form charge over the 
four dimensional subspace R 4 as 

1 r 00 1 

^ 5 -iw L F A F = 4 g, ivtFTWTi) = +1 ' (4 ' 32) 
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From the results (|4~TT?J) . (OKI) and lfP2|) . the solution (jOU)) should be interpreted 
as the bound state of the ZM-brane and the L>8-brane with the B field, and we can 
naturally interpret the total value of the action (|4.25jl as the product of the action of 
the four dimensional instanton over R 4 and the volume of the four dimensional space 
spanned by the coordinates: z 3 , z 3 , 5 4 and z 4 . 

Here we comment on the problem associated with the zero mode, which we encounter 
when we normalize the if). If we rewrite the Dirac-like operator (|4.1()j) by new coordinates 
1)4.28)1 . then the extended ADHM construction reduces to the ADHM construction of the 
noncommutative instanton in the four dimensional subspace R 4 . Therefore this problem 
of the zero mode is essentially the same as that of the noncommutative instanton in 
R 4 [25 . We have used this fact and the procedure of Ref. j2H] when we calculate the 
value of the action (J4.25)) and the four form charge (|4.32jl . 

4.2 Generalization to U(l), multi k case 

An important point in the previous subsection is that we are able to reduce the extended 
ADHM construction to the four dimensional ADHM construction by the unitary trans- 
formation of the coordinates. In this subsection, we comment on the generalization of 
this scenario to the more general case. 

It is difficult to solve the noncommutative version of the extended ADHM equations 
(|4. 7j) generally. However there is an interesting subspace in the moduli space of the 
extended ADHM data. If we take 

B 1 = w 1 l kxk , B 2 = w 2 l k xk, K = L = lxk , (4.33) 

where Wi (i = 1, 2) are arbitrary complex parameters, then the extended ADHM equa- 
tions reduce to the equations similar to the four dimensional deformed ADHM equations: 

Mr = C(l + kl| 2 + k 2 | 2 )lfcxfc , /ic = °fcxfc- (4.34) 

Here Oi X fc and Okxk denote respectively 1 x k and k x k matrices whose all components 
are zero, and lkxk denotes a k x k unit matrix. It is an easy problem to solve these 
reduced equations ()4.34|) since the solutions of the deformed ADHM equations in four 
dimensional case are well-known. Some relevant references are [3^IHl23 | l2l) | l2T ) l28 | l29 | l3() | 

EDEaisniisiissiisEiEziisHiisniiiniiii] . 

We can generalize the procedure of the previous subsection to the present case. We 
are able to extend the definition ()4.28|) of new coordinates to the case (|4.33|) straight- 
forwardly. Then the extended Dirac-like operator ()2.7j) reduces to that of the ADHM 
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construction of the instantons over the four dimensional subspace R 4 . Therefore we can 
naturally interpret the solution (|4.HHjl as the bound state of the k ZM-branes and the 
D8-brane with the 5-field, and we can show that the integer k which appears in the 
extended ADHM construction should be interpreted as the Z)4-brane charge rather than 
the DO-brane charge when the noncommutativity parameter is anti-self-dual. 



5 Relationship with Solution Generating Technique 

In this section, we consider the case that the noncommutativity parameter is self-dual. 
We find the relationship with the solution generating technique and show that the integer 
k can be interpreted as the charge of the DO-brane bound to the D8-brane with the in- 
field. In four dimensions, this relationship was established by Hamanaka [3T]. However 
in the eight dimensions this relationship has not yet been found. We construct the 
solution of the extended ADHM equations, which corresponds to the localized instanton 
solution obtained by using the solution generating technique, and interpret it as the 
system of k .DO-branes and the D8-brane with the 5-field. 
We introduce the self-dual noncommutativity parameter as 

013 = 057 = 024 = 068 = ^ {( > Q) ^ 

This implies the following commutation relations of the complex coordinates: 

c 

[z u Zx] = [z 2 , z 2 ) = [z 3 , z 3 ) = [z 4 , z 4 ] = ' others are zero. (5.2) 

These relations are the same as those of the harmonic oscillators up to the multiplication 
of constants. Therefore we define the creation and annihilation operators by 





ln = \ jz m , a m = J-z m for m = 1, •••,4. (5.3) 



The number operators can also be defined as 

. 2 

n m = a) m a m = -z m z m for m = 1, • • • , 4 . (5.4) 

As in the previous section, the Fock space 7i on which the creation and annihilation 
operators ()5.3|) act is spanned by the direct product of the Fock state: \n\ : n 2 : n 3 : 
n 4 ) = Ir^) (g) \n 2 ) <8> \n 3 ) <S> {n^}. The creation and annihilation operators act on each Fock 
state in the same way as (jH 
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It is easily found that the extended ADHM equations (|2.18|) in the commutative case 
are not deformed by the noncommutativity of the coordinates (j5.2j) . 

/4 = /^ = / i c=/ i c' = /4 = / i c = °- ( 5 - 5 ) 

Now let's find the solution of the extended ADHM equations (|5.5|) . which is related 
to the localized instanton solution obtained by using the solution generating technique. 
We consider the case of the gauge group U(l) and multi k. It is allowed to take J = 
K = L = Oi X fc for the U(l) case. Then the extended ADHM equations ()5.5|) are simply 
solved and the solution which might correspond to the localized instanton solution is 
obtained by 

Ai = A 2 = B\ = Ofcxfc , I = 0\xk , B 2 = l kxk . (5.6) 

The extended ADHM construction gives rise to the instantons through the zero 
mode of the Dirac-like operator. So we need to look for the zero mode of the Dirac-like 
operator: 

_ I fa + Z 4 )l kxk -(zi + Z 3 )l kxk Ofcxl 

y(^ 1 + 2 3 )l fcxfc (z 2 + Z4)l kxk Ofcxi 

Seemingly the Dirac-like operator ()5.7j) has the only trivial solution. We are however 
able to construct the non-trivial zero mode of the Dirac-like operator (J5.7|) by using the 
partial isometry in the noncommutative setting. Here, in order to write down the zero 
mode of D\, we prepare an ordering of the states: 

4 1 

Im : n 2 : n 3 : n 4 ) = TT -^=r(4) ni |0 : : : 0) . (5.8) 

Two sets of four non- negative integers, m = (mi, • • • , m±) and n = (m, • • • , n^), for 
which we define fhj = J2t=j m i, an d % — Y$=j n i with j = 1, • • • , 4, are ordered by the 
following rules: 

1. If fhj = hj for all 1 < j < 4, m = n . 

2. If fhj = hj (j = 1, • • • , k — 1) and fh k > n k for some k (1 < k < 4), m>n. 

3. If fhj = hj (j = 1, • • • , k — 1) and fh k < n k for some k (1 < k < 4), m<n. 

We can order all the states by these rules. For example, these rules order the states as 

|0)) = |0 : : : 0) , 

= |1 : : : 0), [ 2» = 1 : 1 : : 0> , |3)) = |0 : : 1 : 0) , 
|4)) = |0 : : : 1) , |5)) = |2 : : : 0) , • ■ ■ . (5.9) 
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The zero mode ip of D\ is a (2k + 1) x 1 matrix which is written as ip = f ipi i[) 2 C ) • 
Here and ^2 are x 1 matrices respectively, and £ is a 1 x 1 matrix. Each component 
of if) is explicitly obtained as 



I |0»«0| \ 
II 



^1 = 

\\0))((k-l\) 
where we defined the shift operator 



^2 



M 





Z = s k 



(5.10) 



S k = J2\i))((i + k\. 



(5.11) 



i=0 



This shift operator is the typical example of the partial isometry, which is used in the 
construction by using the solution generating technique, and satisfies 



s h st 



StSk — 1 — P k ■ 



Here we defined the projection operator of rank k by 



fc-i 



i=0 



I {(I 



(5.12) 



(5.13) 



which satisfies 



S k P k = P k St = 0. (5.14) 
Then we can easily write down the explicit expression of the gauge field (|3.8jl : 

= S k d^Sk , 
and the strength of gauge field ([3.7]) : 



(5.15) 



r^SkSt -\) = -i (r x )^p fe . (5.16) 



From the noncommutativity parameter (|5.1j) in this case, the field strength form is 
written as 

2 

F = —P k (dz\ A dz\ + dz 2 A dz 2 + dz 3 A dz 3 + dz$ A dz^) . (5-17) 

The solution (J5.15|) for k = 1 was originally obtained in Ref. by using the solution 
generating technique, and it was confirmed that the solution (15. 15 J) preserves 3/16 of 
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super symmetries by investigating small fluctuations around the solution. The condition 
for preserving 3/16 of supersymmetries, which was found in Ref. |14j . corresponds to 
choose the noncommutativity parameter as (|5.1jl . Then it is confirmed that the solution 
()5.6|) of the extended ADHM equations corresponds to the solution constructed by using 
the solution generating technique. 

In the rest of this section, we study the properties of the above solution (|5.15j) . At 
first, we are able to calculate the eight form charge as 

^ J r8 F AF AF AF = Tr n P k = k, (5.18) 

where we used the formula: 

dz 1 A dz 1 A dz 2 A dz 2 A dz 3 A dz 3 A dz 4 A dz A = 16(volume form) . (5.19) 

Therefore the integer k which appears in the extended ADHM construction can be 
regarded as the DO-brane charge. We can also calculate the value of the action for the 
solution, 

S = -lJd 8 x(F 2 3 + F 2 7 + F 2 4 + F 2 8 ) 

= 2ir 4 ( 2 Tr n P k = 2iT A ( 2 k. (5.20) 

From the results 1)5.18)1 and (J5.20)) . the solution can be interpreted as the system of the 
k DO-branes and the D8-brane with the B field. 

6 Conclusion 

In this paper, we have studied the noncommutative version of the extended ADHM 
construction in the eight dimensional U(l) Yang-Mills theory. We have found that it 
is an important difference whether the noncommutativity parameter is anti-self-dual or 
self-dual. In the case that the noncommutativity parameter is anti-self-dual, we have 
shown that the integer k which appears in the extended ADHM construction should be 
interpreted as the D4-brane charge rather than the Z)0-brane charge. We have confirmed 
this fact in a wide subspace of the extended ADHM data by calculating the topological 
charges. 

We have found the relationship with the solution generating technique in the case 
that the noncommutativity parameter is self-dual. The shift operator of the solution 
generating technique has naturally appeared in the extended ADHM construction. We 
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have also shown in this case that the integer k can be interpreted as the charge of the 
DO-brane bound to the D8-brane with the .B-field 

The natural generalization of our study is to consider the gauge group of the higher 
rank since our study has been restricted to the case of the U(l) gauge group. It should 
be checked whether the qualitative nature we have found changes or not. For example, 
it is of interest whether the integer k which appears in the extended ADHM construc- 
tion becomes to be interpreted as the DO-brane charge or not in the case that the 
noncommutativity parameter is anti-self-dual. Another generalization of our study is 
to construct the solutions of the BPS equations (j2.1j) except for the case related to the 
Sp(2) symmetry in the noncommutative Yang-Mills theory. 

The moduli space of the noncommutative instantons in eight dimensions is expected 
to have much richer structure than that of the noncommutative instantons in four di- 
mensions. Therefore further investigation is necessary to understand the topological 
structure of gauge fields on the noncommutative R 8 . 
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